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1. Introduction 


Twistor [1] string theory [2] studies perturbative scattering amplitudes of massless par¬ 
ticles in iV = 4 Super-Yang-Mills theory in terms of a topological B-model with target 
space This target space is a Calabi-Yau supermanifold [3] [4], (For alternative 

formulations of twistor string theory see [5][6] [7].) Twistor techniques are, in general, 
useful for dealing with massless particles. They have recently been used to derive sim¬ 
ple expressions for scattering amplitudes that have previously never been written in 
closed form. (See [8] for a recent review.) 

In this paper we would like to describe a theoretical extension of twistor string 
theory that includes a mass term for the fermions of the vector multiplet of Super- 
Yang-Mills theory. Such a mass term, of course, breaks supersymmetry and conformal 
invariance as well. In general, a mass term precludes the use of the twistor transform 
which requires that external particles have lightlike momenta. (But see [9] for recent 
developments that use twistor techniques indirectly to calculate scattering amplitudes 
of massive particles.) However, if the mass term only involves spinors of one chirality 
and does not include the spinors of the opposite chirality, the plane-wave solutions of the 
free Dirac equation are still lightlike. Of course, such a model breaks CPT symmetry, 
but it is consistent mathematically, and we can calculate scattering amplitudes in this 
model. The amplitudes are holomorphic functions of the chiral mass parameters. 

The physical relevance of the scattering amplitudes that we get in such a model can 
be described as follows. The scattering amplitudes of a model with a CPT-invariant 
fermion mass term depend on the complex mass parameter M and its complex conjugate 
M*. It can be written as an analytic expression in two formally independent variables 
M and M*. The amplitudes of the chiral-mass theory can be dehned as the expressions 
that we get when we formally set M* = 0 in the physical amplitudes. 

In this work we study the twistor approach to iV = 4 Super-Yang-Mills theory 
with an extra chiral mass term, and we expand on ideas presented in [10]. There, it 
was argued that the free-held equations of motion of the augmented theory still have 
a twistor description; the relevant twistor space is a certain super complex structure 
deformation of In this paper we calculate 4-particle scattering amplitudes and 

extend the notion of maximally helicity violating (MHV) amplitudes to include the 
chiral mass term. In the massless theory, Witten discovered that MHV scattering am¬ 
plitudes vanish, when expressed in twistor variables, unless certain algebraic conditions 
hold. The amplitude does not vanish only if there exists an algebraic curve of degree 
d = 1 in supertwistor space, such that all the twistors that label the external 

particles lie on this curve [2]. Does a similar assertion hold for the theory with the 
chiral mass term? 
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In this paper we will explore this question for 4-particle amplitudes. In §3 we extend 
the dehnition of helicity to the fermions with a chiral mass term, and we calculate 4- 
particle (extended) MHV scattering amplitudes. In addition to the chiral mass term, 
we also include in the calculations a possible 3-scalar interaction, which has the same 
dimension (A = 3) and R-symmetry quantum numbers as the fermion mass term. In 
§4 we describe the deformation of super twistor space that corresponds to adding the 
chiral mass term, and we look for algebraic curves in the deformed space. There, we 
dehne a natural extension of the notion of degree d = 1 curves for the deformed case; 
the equations describing these curves contain quadratic terms. In §5 we show that if we 
set the 3-scalar coupling correctly, 4-particle (extended) MHV amplitudes are indeed 
supported on these d = 1 algebraic curves. Furthermore, we hnd that the amplitudes 
are given by an integral over the moduli space of d = 1 curves that is essentially the 
same as the one for the massless case [2]; the only modihcation is the expression for 
the curve itself. We conclude with a discussion in §7. The appendices contain more 
technical details about the Feynman rules in the presence of the unusual CPT-violating 
chiral mass terms. 

2. Chiral and anti-chiral fermion mass terms 

We denote the negative helicity fermions by 4’a^ where a is a spinor index (a = 1, 2) 
and A is an SU{4) R-symmetry index {A = 1,... ,4). We denote the positive helicity 

—d 

fermions by The full iV = 4 Super Yang-Mills Lagrangian is presented in Ap¬ 
pendix B, for completeness. An anti-chiral mass term is and a chiral mass 

term is Here Mab = Mb a and are the corresponding mass 

matrices, with 10 independent complex parameters each. We are going to add a chiral 
mass term to the N = A SYM Lagrangian. This, of course, breaks CPT invariance, but 
the perturbative Feynman diagrams are well-dehned. 

2.1 Free field equations of motion 

In the presence of a chiral mass term, the negative helicity fermions acquire a left- 
chirality (d) component. To see this, we write down the Dirac equations: 

= 0 , ( 2 . 1 ) 

These equations imply that the momentum p^a is lightlike. It can therefore be written 
as a product of two spinors, 

Paa (^■^) 
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as in the M- 


= 0 case. A basis for the solutions of (2.1) is given by 

= Kq^ + (2.3) 

where 'qa, are arbitrary parameters (scalars in the fundamental representation of the 
R-symmetry group) and is an arbitrary chiral spinor that is only required to satisfy 

= 1. (2.4) 

Once rja is hxed, we can define helicity as follows: A solution with helicity (—) has = 
0 and a solution with helicity (+) has = A“^a and 

In Feynman diagrams, external lines of negative helicity fermions only have left-moving 
components, but external lines of positive helicity fermions have both left-moving 
and right-moving components. This is depicted in Figure 2 and Figure 3. 

2.2 3-scalar interaction 

The fermion mass term that we added in §2.1 is a linear combination of operators 

(2-5) 

of conformal dimension A = 3, at lowest order in perturbation theory. These operators 
are in the SU{4) (R-symmetry) irreducible representation 10 (i.e., a symmetric covari¬ 
ant 2-tensor). There is another set of operators of A = 4 super Yang-Mills with the 
same quantum numbers, at lowest order in perturbation theory. They are cubic in the 
scalar helds. Let us denote these scalar helds by 

01, J=l,...,6. (2.6) 

Here X is an R-symmetry index in the fundamental representation of so(6) ~ sm(4). 
(For convenience, we present some relevant identities in Appendix A.2.) 

The second set of operators of conformal dimension A = 3 (at 0*^ order of pertur¬ 
bation theory) and so(6) ~ sm(4) representation 10 can now be written as 

(2.7) 

using the S'f/(4)-invariant symbol dehned at the end of Appendix A.2. This 

symbol is anti-symmetric in the so(6) indices IJK and symmetric in the sm(4) in¬ 
dices AR, and it connects the representation 10 of so(6) (self-dual 3-tensors) to the 
representation 10 of sm(4). 

^If we treat g, g and rj as continuous functions of A and A, the helicity can be alternatively defined 
as (B.IO). These two definitions turn out to be equivalent, as discussed in Appendix B.3. 
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There is a linear combination of and that lies in a short supermultiplet. 
This is the combination 

Vab-.=V^b + \v'ab. ( 2 . 8 ) 

and its conformal dimension A = 3 is exact. These operators can be obtained by acting 
with two supersymmetry transformations on the chiral primary operators Vxy:= trj^xj.} 
(See [11] [12] for more details.) 

In the next section we will calculate 4-point tree level scattering amplitudes in the 
presence of the perturbations discussed above. We will include both the 2-fermion and 
the 3-scalar perturbations in the combination 

gHC = ]^M^^Vab, (2.9) 

where g is the Yang-Mills coupling constant and the unperturbed Lagrangian is pre¬ 
sented in (B.l). 

In [13] it was shown that twistor string theory contains a sector that is described 
by iV = 4 conformal supergravity (CSUGRA). Furthermore, tree-level amplitudes 
in CSUGRA have been calculated in [14] using twistor string theory. The fields of 
CSUGRA couple to the helds of A = 4 Super Yang-Mills (SYM). To linear order, each 
CSUGRA held couples to an A = 4 SYM operator from the short supermultiplet of 
the chiral primary held Vjj. For example, CSUGRA contains an SU{4) gauge held 

that couples to the R-symmetry current of A = 4 SYM. CSUGRA also contain scalar 

_ _ 

helds in the representation 10 of SU{A), which were denoted by E in [13]. To linear 
order, these helds couple to the A = 4 SYM operators Vab, and the mass terms that 
we are considering here can be interpreted as VEVs, 

~ , ( 2 . 10 ) 

as suggested in [10]. 

3. Extended MHV amplitudes 

In this section we will calculate several scattering amplitudes with a chiral mass term 
for tree-level planar diagrams. The mass term mainly changes the Feynman diagram 
rules for the fermions and 3-scalar interaction. We present the fermion propagators 
and external wavefunctions in Figure 1 - Figure 3, and the 3-scalar vertex in Figure 4. 
All the relevant Feynman rules are given in Appendix B. 

When we label the helicity of the amplitude, we use the convention that all external 
particles are incoming. For example A(+l, +1, —1, —1) represents the amplitude with 
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two incoming helicity +1 and two incoming helicity —1 gluons. On the other hand, 
for convenience, the convention depicted in the Figures (and discussed in Appendix B) 
will be that the helicity and momentum are all physical (2 incoming and 2 outgoing 
particles with their physical momenta and helicities).^ For the planar diagrams with 
external particle indices i cyclically attached, all amplitudes include an overall group 
theory factor tr[TiT 2 ■ ■ - Ti - ■ ■ T„], which will be suppressed hereafter. 


Maximally Helicity Violating (MHV) amplitudes at the tree level are originally 
dehned [15]-[17] as those satisfying the condition X^j(2hj —2) = —8 with hi the helicities 
of external legs (dehned as all incoming). Since the chiral mass term is interpreted as a 
VEV of a spacetime conformal supergravity held E [see (2.10)] we can think of the 
amplitudes with n external legs that contain the mass parameter at order 0{M^) as 
coming from diagrams with in + k) legs, of which k legs correspond to a background 

_ A D 

CSUGRA held E . The helicity of this held is 0, and therefore mass-deformed SYM 
diagrams at order 0{M^) that satisfy J2ii‘^hi — 2) = —8 -|- 2A; correpond to MHV 
diagrams in CSUGRA. We can therefore generalize the term “MHV” to “extended 
MHV” to describe those diagrams at order 0{M^) that satisfy X^j(2/ij —2) = —8-|-2A;.^ 
The holomorphic structure of generalized MHV amplitudes calculated in this section 
will be discussed in 55. 


We will now present the results of the calculation of various (extended) MHV am¬ 
plitudes. The Feynman diagrams and the detailed calculation are shown in Appendix C 
for interested readers. We begin with M'^'^-independent contribution to the MHV am¬ 
plitudes. These diagrams are the same as those of the undeformed theory, and were 
calculated in [15] [2] with external gluons and in [18] [19] with external gluinos. We 
present them here for completeness, featuring the use of the spinor notation. 


^This difference in conventions corresponds to replacing —p^, or X ^ iX and X —> iX for 

the outgoing particles. This does not affect our result because we scale (A^i, Ai 2 ) to {l,Zi = X^/Xn) 
in the end. However, the form of the momentum conservation condition depends on the convention: 
Pi + • • • + P4 = 0 for “incoming” momenta while pi+p 2 = Ps +P‘i for “physical” momenta. The former 
leads to |]^ = —so on, while the latter gives = —1|^ and 
(an extra minus sign may arise). 

^At tree level, however, we only have 0{M^) and 0{M); the amplitudes at higher orders of M all 
vanish. This can be understood by (5.7), in which M gives 3 02’s but the integrand needs to have 
exactly 4 O 2 to yield nonzero result. 
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3.1 MHV amplitudes (extended MHV at (9(M°)) 

• 4-gluon scattering amplitude:^ 

^C'(M0)( + 1 , -M, -1, -1) = 4 ^ ^ -I , • ( 3 - 1 ) 

• 2 -gluon and 2 -fermion scattering amplitude: 

^ci(mo)(+1/2, +1, —1, —1/2) = ig^QiQiA ^ 4 ’ • (3-2) 


• 4-fermion scattering amplitude: 

Ao(a40)(+1/2,+1/2,-1/2,-1/2) 

= (1,3)(2,4) + gigiAhBgf(2,3}(4, 1)|, (3.3) 


• 2 -fermion and 2 -scalar scattering amplitude: 

^c>(mo)(+1/2, 0, 0, —1/2) 

= ^^4 I l^t^iA(pi^(P3Bc(^, 2) (3,4) + ^iA<^^^<^3i?c(2, 3) (4,1)1, 

(3.4) 


where (p 2 and ips are wavefunctions for the external scalars. 


3.2 Extended MHV amplitudes at 0{M) 

• 2 -gluon and 2 -fermion scattering amplitude: 


^c>(m)(+1/2, +1, —1, +1/2) 


ig^M^^Q^AQAB (3,1)(3,4)(4,1) 

2 nti(h^ + l) 


(3.5) 


• 4-fermion scattering amplitude: 

Ao(m)(+1/2,+1/2,-1/2,+1/2) 

= QlAM^^Q 2 BdiQAc{l, 2) (2, 3) (3, 1) 

n+h^ + i) 

+^?1A^?3 ^?2Bdl''^'^^?4D(2,4)(2, 3)(3,4) + Q 2 BQ 3 QiaM^^ 1)(1) 3)(3,4) |. 
_ (3.6) 

■^The notations {i,j) and [i,j] are short for (A*, Xj) and [Ai, Xj\ respectively. We also set A„+i = Ai 
for n external legs. 



2 -fermion and 2-scalar scattering amplitude: 


Ao(m)(+1/2,0,0,+1/2) 

= =4——— I (2, 3) (3,4) (4, 2) Qia 

+ (l,2)(2,3)(3,l)^4B¥^fVi?AM^^^i,, 

^ ((1, 2)(2, 3)(3,4) + (1, 2)(1,4)(3,4)) (3.7) 

4. Chiral B-model mass terms 


We now compare the amplitudes calculated in §3 with an integral over the moduli space 
of holomorphic curves in twistor space. Let us begin by reviewing some facts about 
super twistor space [2]. We denote the homogeneous coordinates of the B-model target 
space CP3|4 \ CPi|^ by 

Zi=\\ Z2 = \\ ^3 = /Xi, ^4 = /i2, 0\...,0". 


It is convenient to dehne the two patches 

U:={Z^ ^ 0}; U':={Z^ ^ 0}. 

On the patch U, the set 

Z:= — , X:=—, Y:= — , ^^:=—, 


(4.1) 


is a good coordinate system. On U', 


= £ r-=4i = I = W 

' Zi Z' ' Z2 Z' ' Zi z' ' z^ z 


(4.2) 


is a good coordinate system. 

Given a meromorphic function 

^(X, F, Z, ^\ ..., ^") = 4 + ^ V + 

+ (4.3) 

where A,XA)(t>ABiX^)G are holomorphic functions of X,Y,Z with possible poles at 
Z = 0 and Z = cx), we can construct an on-shell wave-function of the X = 4 fermion 
helds by (see appendix of [2]), 


c 


w{x) = —<pX^X + A = 1, A = ^, 

= h 


d 


c dxia 


-XA{x^i + X2iZ, 0:42 + 0 : 222 :, z)dz. 


(4.4) 
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The contour integrals are performed on, say, a circle around the origin. There are also 
similar expressions for the bosons A, (pAB, G. 

We have a lot of freedom in choosing the holomorphic functions and xa, and 
it is only their singular behavior at z = 0 and z = oo that is important, as we will 
now review. We can deform the path C of the contour integrals (4.4) to a small loop 
around the origin z = 0. This shows that these integrals are only sensitive to the 
singular behavior of x^ and xa ^it Z = 0. Adding to x^ or xa a holomorphic function 
of X, Y, Z that is nonsingular for all Z ^ oo will not affect the physical wave-functions. 
Similarly, we can perform the integrals (4.4) in the coordinate system X', V', Z'. In 
these coordinates we set the superheld Al to 

M{X\ Y\ Z\ ..., T'^) = AiX, y, y, ..., T^). 


The components of this held are 




1 A' 


/A J /B J /C ~ID 


,/A j /B j /C.j,/D 


Thus, the transformation rules for the fermionic components are 


1 . w' r 1 


W' Y' 1 


x'^(x', W, z') = Z') = ^Xa(^, ^). 

In these variables, the contour integrals (4.4) can be written as 


^“^(x) = 
^A(a^) = 


27rf 

1 


x/a ~/A/ / I / I i\ J f \/-L _ / \fZ _ -I 

-ptX [XilZ +X 2 \,x^ 2 Z +x, 22 A)dz, X =z, A = 1, 
c 

1 d ! 

XAi^iiz' + X 2 i, Xi 2 z' + X 22 , z')dz' 


2m Jc z' dxic, 
1 


2m Jr dx 


^ / / 

XAi^liz' + X2i,X\2^' + 2 ^ 22 , z')dA. 


C '-'X2a 


(4.5) 


We require that the helds x'^(X', W, Z') and x( 4 (X', W, Z') be holomorphic in X', W, Z' 
for all hnite X', Y' and all nonzero and hnite Z'. But we allow singularities at Z' = 0. 
In fact, similarly to the case of (4.4), the contour integrals are only sensitive to the 
singular behavior of the helds at Z' = 0. Thus, adding to A! a holomorphic function 
of X', W, X, ..., that is nonsingular at X = 0 will not ahect the physical 
wavefunctions. 

To summarize, there is a freedom in the choice of A, 


Ai(x, y, X T) ~ ^(x, y, X t) + ^o(x, X X + ^oo(X y, x ^), (4.6) 


10 



where is an arbitrary meromorphic wavefunction that is holomorphic at Z ^ oo 
(including Z = 0), and ^oo is an arbitrary meromorphic wavefunction that is holomor¬ 
phic at Z 0 (including Z = oo). To check the holomorphicity requirement for Aoo 
one has to know what the good coordinates near Z = oo are. In the undeformed case, 
these are given by (4.2). 

In the next subsection we will reverse this logic and hnd a deformation of the 
complex structure that corresponds to a chiral mass term. The idea is as follows. First 
we hnd a solution to the Dirac equation (2.1) in a form that augments (4.4). It will 
be given in terms of meromorphic functions on twistor space that we will denote again 
by and xa- Then, we dehne a superheld similarly to (4.3), and we look for an 
equivalence in the form (4.6). Since (4.4) will be augmented, invariance of the physical 
wavefunctions and under (4.6) will require a different dehnition of “holomorphic 
at Z = oo.” This will yield an augmentation of the transition functions (4.2), which 
will give us the desired deformation of the complex structure. Let’s move on to the 
details! 

4.1 Super-complex structure deformation 

As explained in [10], a chiral mass term can be incorporated into the B-model twistor 
string theory as a certain supercomplex structure deformation. General deformations 
of the complex structure of weighted projective superspaces (and other holomorphic 
vector bundles) were studied in [20]-[23]. 

A supercomplex structure deformation can be described by changing the transition 
functions (4.2). The new transition functions that we need turned out to be 

= = (4.7) 

Let us recall how this deformation was derived in [10]. We start with the free-held 
Dirac equations (2.1). The generic solution was given in (2.3). There, qa and are 
both functions of A and A, but we can Fourier transform them with respect to A to 
obtain functions of twistor space that we denote by xa and x^. We can then write the 
solution to the Dirac equation (2.1) as 

^a(^) = 

^a(x) = 
where 

(A\ A^) = (1,^), = (1,0). 


^ [Kx^{z, x^i + X2iZ, x^2 + v) + M^^r]^XB(z, x^i -F X2iZ, x^2 + ^22^)] dz, 

7 ^ / -^—XA(z,X^l+X2iZ,X^2 + X22z)dz, 

2m Jc oxia 

(4.8) 
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[Equations (4.8) can be compared to (4.4) in the massless case.] We can collect xa and 
in a superfield as in (4.3). Let us see what would be the analog of the equivalence 
relation (4.6). Obviously, iI)°a tjjaA in (4.8) do not change if we add an arbitrary 
holomorphic function at 7 ^ cx) to either x^ or xa or both. Thus, the equivalence 
^ ~ ^ + ^0 is the same as in the massless case (4.6). 

Things change, however, for ^00 in (4.6). The coordinates X', V', Z' from (4.2) are 
no longer good coordinates near Z = 00 . If they were, we could define 


XA ( Z , X , y )^- IxA (^,§, j ), r‘‘(z.v,K) = ip(i l-.l), (4.9) 

(we use because it is only a temporary expression and we will modify it below) to 
change, and we could write the integrals in (4.8) as follows. We could substitute (4.9) 
in the second equation of (4.8) to get 




Id X X 

27ri Jc z dxia z z 

1 f d 


^12 \7 

Xa[--, -1- X2i-, -h X22)dz 


(4.10) 


27ri Jc dxin 


Xa{z', X^iz' + X2i, X^2Z' + X22)dz' 


^2a 


This last integrand is regular near z' = 0 and therefore vanishes if xa is holomorphic 
near z! = 0, as in the massless case. However, there would be a problem with the 
integrand for Substituting (4.9) in the first equation of (4.8), we would get 


. 1 Xi 


^ ^ — + ^2i, — + 2 ^ 22 ) + — + ^2i, — + X22)]dz 

2m Jc z-^ z z z z z z z 

[Kz'5("^{z', X^YZ' + X2\, X^2^' + 0 : 22 ) + X^yz' + X2Y,X^2^' + X 2 


2m 


(4.11) 

If is regular at z' = 00 , the first term in the integrand is regular, because for a = 2 
we have = 1 and for a = 1 we have A^ = —= —1/z'. However, the second term 
may have a pole for a = 1 because r]i = 1. The integrand of (4.11) therefore does not 
necessarily vanish. This shows that (4.9) is incompatible with (4.6). We can fix this 
problem by a slight modification of (4.9). We define instead. 


x'a{Z, X, Y) = ^Xa{^, ^), 

This can be inverted to 
Xa(Z,X,V) = jZa(-^,j;j), 


x'Az,x,y) = JxJ, §, j)~M-*^XA(j, 

(4.12) 


XAZ, X, Y) = JxX^, §, j)+Jm-*‘^Xa(j, f. |) 

(4.13) 
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2 )]dz' 



Then 


(j. —+ 

1 


^a(a^) = 


^12 


^ 2 i) + ^ 22 ) 

z 

+ -M^^{ri^ + -A«)xs(-, — Ta^ai, — + a;22)]c?^ 
2 : z z z z ^ 

1 


27ri 


c 


Kz'x'^iz', x^iz' + Xai, Xia^' + Xaa) 


(4.14) 


+ M'^^{—rio, + Xa)XB{z', X^^z' + Xai, a;i 2 ^' + 0 : 22 )] dz' 


Now the integrand is regular a.t z' = 00 because 


-Vi + Ai 

y' 


0 , 


-L I \ -2^ 1 

-r]2 + Aa —^ 1 . 


Thus, the field redefinition (4.12) is compatible with the equivalence relation (4.6). 
These redefinitions (4.12) are the 4/ and 4/4/4/ components of the superfield expression 

J\!{X\ Y\ Z\ T'^) = A{X, Y, Z, T^), 

where the coordinates X',Y', Z', are defined in (4.7). 

4.2 A note on the anti-chiral mass term 

One might wonder whether we could derive a similar modification of the complex 
structure of super twistor space for the anti-chiral mass term deformation ■ 

In this case, instead of the Dirac equations (2.1) we get 

= 0 . 

Instead of (4.8), the solution is now given by 


^a(a^) = ^^ A«X {z,X^i+ X2iZ,X^2+ X22z)]dz, 

—a 1 f d 

= TT- f - Xa{z, X^i + X2iZ, X^2 + X 22 Z) + MABVaX^iz, X^i + ^ai^, x^2 + X 2 Y 

2m Jc dxia 

(4.15) 

Here fj^ has to satisfy 

A“7)a = 1. 

In twistor space, however, we identify A" with a differential operator 

. d 


X 


duc 
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) dz. 



We can therefore set fja to be the following integral operator 




/ fiZ:fihs)ds, 


(4.16) 


where / is an arbitrary holomorphic fnnction. Now the field redehnition (4.9) is good 
enough: 

_^ \ r Q 

^ ^ X^2 + 2 ^ 22 ^) + MABVaX^iz, + X^iZ, + ^^ 22 ^)] ^Z 


C-dXia 

1 d 


= ^ ^ -a^li + a^ 2 i, - 2^12 + 2 ^ 22 ) 

zmJc ZOXia z z z 

+ -^MABVaX^i-, -Xii + X2i, -X^2 + X22)]dz 
Z-^ z z z 

d 

Xiiz' + X2i,X^2z' + X 22 ) 


2ni 


C 

/3 


+ z' MABflaX"^{z', X-^iz' + X 2 i,X^ 2 ^' + X 22 ) 


dz' 


Using (4.16) we see that for d = 1 the integrand is regular at z' = 0. For d = 2 we get 


ijAix) = 


2m 


X^iz' + X 2 i,X^ 2 Z + 2 : 22 ) 


c 


+ z'^Mab 




, ds'-, dz' 


~/B (I / I /\ 1 

X [z,x^iz +a; 2 i,s)—J 


2 : 2 :' 


./2 ’ 


where we used the dehnition (4.16) for d = 2, and we changed variables from s to 
s' = z's in the integral that defines 7 ) 2 . We now see that the integrand in (4.17) is 
regular aX z' = 00 . Therefore, no deformation of complex structure is needed! However, 
it was suggested in [ 10 ], that the anti-chiral mass parameter Mab enters in a phase of 
Dl-instanton terms. The argument was based on a proposed indentihcation of Mab 
with a VEV of one of the conformal supergravity helds discussed in [13]. We will not 
explore this further in the present paper. 


4.3 Deformed Holomorphic Curve 

In the undeformed twistor space, a curve of degree d = 1 in is given by (see 

equation (4.46) of [2]) a set of linear equations: 

X = -x,^-X2iZ, Y = -x,2-X22Z, ^^ = -9^-9^Z, (4.17) 

where Xaa and 9^ are moduli. On the patch U' [dehned in (4.1)] we can write (4.17) as 

X'=-x,^Z'- X 2 i, Y'=-x, 2 Z'- X 22 , ^^ = -9tZ'-9l (4.18) 
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After the deformation (4.7), equations (4.18) no longer hold. Instead, equations (4.17) 
imply 


= -e^z' - - -^M^^escDEie^z' + e^){e?z' + e^){efz' + e^) 

bZ 

= —M^^eBCDEe^e^efz'^ - {et + ]-M^^eBCDEe^e^e^)z' 

0 2 

~{^2 + ^BCDE^i O 2 O 2 ) — eBCDE02(^2 ^2 ■ 

Unless the last term is zero, this is not an acceptable holomorphic curve. We can cancel 
the last term by slightly modifying equations (4.17) in the patch U as follows. We set 

= -e^ - e^z + lM^^eBCDEO^e^e^z\ ( 4 . 19 ) 

0 

Then 

= -]:M^^eBCDEe?e^efz'^ - {et + l-M^^eBCDEe?e^e^)z' 
b 2 

~{^2 + 2^^^^BCDe0i O2O2 + -M^^eBCDEM^^eFCHI^i 0^620202) 

The poles in Z' vanish - the terms proportional to 1/Z'^ vanishes because there are 
too many 02 ’s, and the terms proportional to 1 /Z' vanish because the symmetric mass 
parameter is coupled with the antisymmetric e—tensor. In the next section we 

will express the scattering amplitudes calculated in §3 as an integral over supertwistor 
space with support on the deformed holomorphic curve that we just found: 


X = 


-X 


11 


^21^-1 




Y = 


-X 


12 


X 22 Z, 


_ qA y \ QCnDnEy2 

— “1 “ 2 -^ 4 ” 77 ^BCDE^2 ^2^2 ^ ■ 

b 


(4.20) 


5. Twistor amplitudes with mass terms 

As explained in [2], a supersymmetric Yang-Mills amplitude A(/j) can be obtained from 
a twistor scattering amplitude A(Af, /i“, 4/^) by multiplying by the appropriate external 
wavefunctions /j(A",/x", 4/j^) and integrating out all the supertwistor coordinates. In 
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particular, the tree-level MHV amplitudes for 4 external particles (without the mass 
deformation) can be written as 


i(A“,/iiA,'hf) = 2ig‘^ / 


i=l 


nti(b* + i)’ 


Mfi) = n / 


(5.1) 


2=1 


The 5-functions in the integral imply that the twistor amplitude vanishes unless the 
external points {Xf,^ia, Tf) all lie in the same holomorphic curve described by 

+ = Tf + 0fA“ = O, (5.2) 


for some suitable {xaa,0^). 

In the presence of onr mass term the complex strnctnre is deformed and, according 
to (4.20), the holomorphic curve is changed to 

+ X^^xt = 0, Tf + et + - iM^^eBCDEO^e^e^z^ = o. (5.3) 

D 

We claim that (5.1) is modihed to 


A(f,} 


= 2ig^ I d^xd^e^ 


a T-r4 


n„i{A',A'+i) 

X n z?). 

2=1 


2=1 


for all “extended MHV” amplitndes (dehned in §3) of 4 external particles. 

In particular, if the external fnnction is in a momentnm state, fi is of the form of 
a Fonrier transform of a 5-fnnction peaked at some hxed momentnm; i.e.. 


/, 


{Pi — 




(27r) 


d%^ 5\Xt - A;“)52(Af - A;-^) exp(a;>'J, 

(5.5) 
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where = Af A" are the momenta for external particles. The integral over bosonic 
coordinates in (5.4) yields 

j d^A'“ dVia j +a;„«A.“) 

X j d%‘^ - Ai") exp(iA'“/ih) 

= [ d*xexp{-i^x^^XfXf) g{X^) = 6^C^Pi) g{X^), (5.6) 

' ' i i 

where 5 '(A(“) denotes the A'-dependence of A(A)“, /rb , T^) apart from + XaaK'^) 

and the result gives rise the momentum conservation factor. Consequently, (5.4) reduces 
to 

dxtld\'^t + ot + o^z, 

i=l 

n*=i(b*+i) 

where the external function is given by A, 

and for the external particle with spin +1, +1/2, 0, —1/2 and 

— 1 respectively. 

In the following, we compute various amplitudes in momentum space by (5.7) 
(ignore the momentum conservation factor) and compare them with the results we 
have calculated by Feynman rules in §3, with the identihcation: A = G = ^, x = 

X = Q and (j) = if. In all cases, both results agree with each other and we thus verify the 
claim in (5.4). Finally, in §5.2.4, we study a simple but interesting case — the 3-scalar 
interaction. 

5.1 MHV amplitudes (extended MHV at 0{M^)) 

The Grassmanian integral over in (5.7) gives a nonzero result only if the integrand 
has exactly 8 Grassman d’s. In the cases of MHV amplitudes, the external functions 
altogether have 8 fermionic coordinates T’s, each of which gives 1 or 3 d’s by 
the d-function. The mass term in (5.3) is of the order 0{6^) and thus has too many 6*’s 
to contribute in (5.7) for MHV amplitudes. As a result, the mass deformation does not 
affect the MHV amplitudes and the amplitudes are the same as if no mass deformation. 
In the following, we compute various MHV amplitudes by (5.7) and compare them with 
the results in §3.1. 


A(/,) = 2tg^6\ 


/ n 




-M^^escDEe^e^e^z^) 

6 


(5.7) 
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5.1.1 Ao(mo)(+1,+1,-1,-1) 

The external functions for this case are Ai, A 2 , and 

The integral (5.7) gives the amplitude 


2tg^ I I dXl[s\^f + et + 9^z,-^M^^eBCDEe^9^e^z,^ 


2=1 


X 


J ^4 ^y("4i)(^2) ^^e^'s'c'D'^s '^3 Ga 


2 AiA2G-iGA , .4 2 A1A2G3G4 4 


= ‘^W „4 ,. 

n*=i(h* + 1) 


(Z 3 - Z 4 )" = 2tg^ 


nti(h^ + i) 


(3,4^, 


(5.8) 


which agrees with (3.1). 


5.1.2 yl0(MO)(+l/2,+1,-1,-1/2) 


The external wavefunctions are T^xa, ^ 2 , and 

The amplitude is 


D 


2 ig^ I lld^^t I dXl[S\^f + 9t + 9^Zi-^M^^eBCDE9^9^e^Z,^ 


2=1 


X 


(4/)^XlA)(^2)(7TTeA'S'C"D''l/3 4/f 4/^ 4 / 3 * G3){-eA"B"C"D"'^4 ^A Xa ) 
/4 b 


n?(h^ + i) 

.•„2 [ ,3nAXlAA 2 G 3 XA 


= -2tg-^ I 7{et + 9tZA + ■■■ )-,eA'B'C'D'{9f + Z 3 + ■ ■ ■) 

j ni++ + i) 

X (df + e^'z, + ■ ■ ■ )(dr + 9^"Z, + ■ ■ ■ )(df' + 9^'Z, + ■■■) 

^ q^a"b"c"d"{9i +92 ZA + ---){9f +92 Za + ---){9i +9^ Z4 + ---) 

2(^3-^i)(^4-^3)Xa 4 ^ o- 2(1,3)(3,4)3^^ 

— 2*5' - 4 . -—-X4XiA^2G3 — 2*5 4 . , ^ ' +4 XiA^2<^3, 


ni(h* + i) 


m{h^ + l)' 


(5.9) 


where ■ ■ ■ represents the mass-deformed part of the holomorphic curve. The result 
agrees with (3.2) 


5.1.3 71o(mo)(+1/2, +1/2, -1/2, -1/2) 

The external wavefunctions for this amplitude are ^^XA) ^^XAi 


18 



and The amplitude is 

2u/ f Hi's-f f d>e* n + »t + »iz, - hf*‘>eBCDEe^e^eizf) ^, 

J i J i=l ^ lll\*) ■* + -*-/ 


X2A')(g^A"B”C"D''T3 Tf xf )(^'^a"'b"'c"'d"''^^ Gsj 


’t: 

,2/0 a\2 


2tg^{3Ay 




X4 XiAX2A'X3 


(Z 3 — Zi)Z^ + (Z 1 Z 2 — Z 2 Z 3 — 2 Z| — 2 ZiZ 3 )Z 


+ (Z| - ZiZ^ - 2 ^ 2 ^! - 2ZiZ2Z3)Z4 + Z 1 Z 2 ZI - ^ 2^1 


+X3^XiAX2A'X4^' 


(Z 2 — ~ ^ 1^2 ~ ‘ 2 Z 3 — 2 Z 2 Z 3 )ZI 


+ ( —+ Z 2 Z 3 — 2^1^3 + 2^i^2-^3)-Z^4 — Z 1 Z 2 Z 3 + Z 1 Z 3 


2zg^{3,4y 


n?(h^ + i) 

which agrees with (3.3). 


x/xiaX2A'X3^'(1,3)(2,4) + X3^XiaX2A'x/'(2, 3)(4,1)|, 


(5.10) 


5.1.4 21o(mo)(+1/2,0,0,-1/2) 

The external wavefunctions are T^xia, 02Ab, 03ab and ^eABCD^f Tf Tjxf • 

The amplitude is 

4 4 

2,g^ / n n + X + »iA - ^ h 


^ (T^^Xia) {^\^2 ^2 02A'B'^ y3A"B'^ ^^eA"'B"'C""D"'Tf 4 /f xf ^ 


2/(7^ 


m=i(h*+i) 


<p 3 A'B'<p 2 "^Xia(~-^ 3-^4 + Z1Z3Z4 + + 2 Z 2 .^ 3 Z| + 2Z1Z2Z3Z4 


lB'A 


+ Z,ZlZ 4 + Z2Z3Z4 - Z1Z2Z3) + xU 2 A'B'(t>f\lA{-Z 2 Zl + Z1Z2Z2 + 

+ 2 .Z 2 -^ 3-^4 T 2Z1Z2Z3Z4 + .Z1.Z3.Z4 + Z2Z3Z4 — Z1Z2Z3) 

+ ^xfXlA0'^'^'02A'B'(-^l^l - ^2^1 + 2Z1Z3Z2 + 2Z1Z2ZI + 2Z2ZIZ4 + 2ZIZ3Z4)] 

= ^4 ^ ’. ’ ^ |xX4Xia 03'^02A'B'(1,2)(3,4) + xf 03A'B'0f'^X ia(2, 3)(4,1)|, (5.11) 

n*=i(h* + i) '-2 ^ 

where the identities (A. 15) and (A. 17) are used. The result agrees with (3.4). 


5.2 Extended MHV amplitudes at 0{M) 

In the cases of extended MHV amplitudes at 0{M), the external functions //(Tf) 
altogether have 6 fermionic coordinates T’s. In order to have 8 0’s for the integrand in 
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(5.7), the mass term has to contribute exactly once. Therefore, the resulting amplitudes 
are of the order 0{M). 


5.2.1 71o(m)(+1/2,+1,-1,+1/2) 

The external wavefunctions are ^ 2 , it's d's d'f’Gs, and '^^Xaa- The 

amplitude by (5.7) is thus 

4 4 

2ig^ [ [ dXtlS\^t + 0t + 0tZ^-\M^^eBCDE9^e^9iZ^) 


2=1 


X 


—7 ——t(T)^Xia)(- 42)(—eA"s"c"'D"T3 Tf Tf G3)(Tf Xaa'") 

n*=i(b* + i) 24 


8 nA 


= -2X / d^e, 


{Z1Z4 + — Z3Z4 — Z^Zi)(^Zi — Z4 

nti(b* +1) 


X XlAZ^2G-iXAA"' l^^A"FG h9i dfOfO^ejjKLdX^^^^ 

6b 

nti(b* + i) 

The result concurs with (3.5). 


(5.12) 


5.2.2 Ao,m)(+1/2, +1/2, -1/2, +1/2) 

The external wavefunctions are T^xia, T^X 2 A, I^AscD^g x|^ and X 4 a. The 

integral (5.7) gives the amplitude 

4 4 

2tg^ [ lld^X [ dXt[XX + 0t + 0^Z,-^M^^eBCDEe^e^9^Zf) 


2=1 


X 


ipjAT——-(TfxiA)(T^ X2A')(xeA''B"C"D''T3 Tf X Xs )(Tf X4A"') 

n+b^+i) 0 

2X 


n?(b^ + i) 


|xiaM^^'x 2 A'x'^"x 4 A" (^1^2(^1 - ^2) + ZXl - ^1) + ^ 1(^1 - Z2)) 


+XiaXx2A'M^'^"'x4A"' [z,Z4{Z4 - Z 4 ) + ZXl - Zl) + Zl{Z4 - Zi)) 

+X2A'X'^'x1aM^^"'x4A'" (^2^4(^4 - ^ 2 ) + ^ 3(^2 " Zj) + ^^(^4 - Z^)) 
2tg^ 


Utx + I) 


XiaM^^'x2A'X'xaa"{G 2)(2, 3)(3,1) + XiaxX2A'M^'xaa'"{2, 4)(2, 3)(3,4) 


tA'A" 


+X2 A'X'XiaM^^'”X4A'" (4,1) (1, 3) (3,4) |, 
which agrees with (3.6). 


(5.13) 
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5.2.3 Ao(m)(+1/2,0,0,+1/2) 


The external wavefunctions are given by ^^XiAi ^^ 2^2 4>2AB) 03Ab and ^iXiA- 

The amplitude is 


4 4 

2i//nrf-'pf 

i 2=1 




+ ef 


M^^^eBCDsOo 0. 


2 '^2 '^2 


dfzj'' 


X 


^4 '^2 4>2A'B'){^^'^i 4)‘iA"B"){^i XlA" 

ni=i(b* + i) ^■ 


ig^ 




XaA"'M^ ^XlA(t)i'" 4’2BC 


BC. 


X z{z^ - ZxZi + Z2Zi - ziz^ZxZi - ziz. 


+ 2X4A"'d^"^ <p3A'B'<p2 '^XiA^-^ 2-^4 “ ^’ 2.^4 + Z^Z^ — Z^Z^^ 

+ 2x4A'"(l>r^'(i)2B'A'M^'\lA[zlZ2 - Z^Z^ + Z^Z^ - 
+2e^^'^''^'''M^''^\,A',,XiAC^f^''^2A'B' {z,Zl - ZlZ,) } 

^4 f. . —77 {xaa"'M'^ ^XiA0f'^02BC'((l,2)(2,3)(3,4) + (1, 2)(3,4)(1,4)^ 
2 n*=i(b*+i)^ ^ 

+2x4A-M^"'^>3A'S'02^'^Xia( 2, 3) (3,4) (4, 2) 
+2x4A-0f'''>2B'A'M^'VA(l,2)(2,3)(3,l)}, (5.14) 


where the identities (A.15), (A.19) and M"^'"^"02A'A" = 0 (due to the symmetry of M 
and antisymmetry of 0) are used. The result concurs with (3.7). 


5.2.4 Ao(m) (0,0,0) 

Finally, we study the simple but instructive case: 3-scalar amplitude, i.e., Ao{M)iS^) 0, 0). 
For the amplitudes of 3 massless particles, the momentum conservation implies that pi 
are collinear. Angular momentum conservation further forces the amplitude to vanish 
for 3-gluon scattering. For 3-scalar scattering, this is not the case and in fact this is the 
only nonvanishing 3-particle extended MHV of 0{M). The amplitude can be obtained 
as well from the integral in super-twistor space [by a formula similar to (5.7) but with 
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only 3 external functions and the prefactor 2g‘^ replaced by 5'/2]. It is 


2 ^ 
X 


n / dX n + ^2Zi - -M^^eBCDE0^0^0fZ^ 


nti(b^ + l) V2! 


2=1 


I I ^nn<l>2A'B' ) I XT'!-? I”? >3A 


,a\t,b' 


2 ! 


1" ^ B" 


2 ! 


'B' 


W 


2nti(b^+i) 


{zIZ,{M^^'^,AB^2A'B'C^X) + ZIZ,{M^^'<P,AB<P3A'B'<PX: 


+ ZlZs{M^^'(j)2AB(iy3A'B'(i)X) + ZX{M^^'c^2AB(^IA'B'(^X) 
+ ZIZ,{M^^'c^,AB^,A'B'^X) + ZlZ2{M^^'^,ABhA'B'^X)} 

<plAB<p2A'B'<Pi^ ] 


2nti(b* + l) 


{ZIZ 2 - ^2^3 + ^2^3 - - ZIZ 2 } 


=-1- <PlAB(p2A'B'(pi^ 


(5.15) 


and we used the identities (A.17) and M"^^(f)iAB = 0. 

This result agrees with the tree-level Feynman diagram calculation. At tree level, 
we have only one diagram as in Figure 4, where the Feynman rule for the vertex together 
with ipx, and ip]c for the external legs trivially yields the same result. This conhrms 
again that the mass-deformed 30-interaction discussed in §2.2 and Appendix B.6 is 
required to have the correct holomorphic structure in super-twistor space in the presence 
of the chiral mass deformation. 


6. = 1 Supersymmetry 

The chiral-mass deformation that we studied in §2-§5 depends on 10 complex param¬ 
eters (A, B = 1,..., 4) and in general breaks A^ = 4 supersymmetry completely. 

In this section we will study a subset of these deformations - those that preserve A^ = 1 
sup er symmet ry. 

The unperturbed A^ = 4 super Yang-Mills theory has 8 supersymmetry generators 

_^ 

QaA and Q^. The N = 1 deformation that we will study in this section will preserve 
the generators with A = 4 and break those with A = 1,2,3. We will use indices 
i,j, k, ■■■ = 1,2,3 instead of A, when the summation excludes A = 4. 

In Y = 1 superspace notation the theory contains a vector multiplet V with as¬ 
sociated chiral field strength multiplet Wa and its complex conjugate W°‘. In addition 
there are 3 chiral multiplets <F* and their complex conjugates <hj, where i = 1, 2, 3 is an 
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Note that the chiral mass term only deforms the d?9 integral, and the chiral and anti- 
chiral superpotentials are not the complex conjugates of each other! (The situation is 
reminiscent of the deformations used in [24].) 

Integrating out the auxiliary helds in the superhelds, we hnd that the mass defor¬ 
mation adds the following extra terms to the potential 

At/ = i 0']}, (6.2) 

where (pi is the 6* = 6* = 0 component of ^i/Q ym- 

Now let us turn to twistor space Let us first identify the action of the iV = 1 

supersymmetry generators on the undeformed twistor space. It is 

5A« = 0, 50* = 0 (^ = 1,2,3), 504 = C^A“, 

where C, and C, are the anti-commuting SUSY parameters. Using the holomorphic 
coordinates on patch U from §4, we can rewrite the SUSY transformations as 

= iZ = 0, ir = 0, (i = 1,2,3), »'‘ = Ci+C2Z. 

(6.3) 

The mass-deformed space, given by the transition functions (4.7), which can be written 
in our case as 

(6.4) 

is not invariant under the same SUSY transformations (6.3), because they would imply 

»'• = + (.Z) = + jjC2), 

which is ill-dehned near Z' = 0. We can fix this by modifying the SUSY transformation 
(6.3) to 

(5V = Ci«‘, 4Z = 0, =-4C2 V«£,h'I'‘'I'', i'f‘ = (,+(2Z. 

(6.5) 

This modihed transformation law still satishes the correct commutation relations, as 
can be seen after some algebra and using = M-^*. Thus, the deformed twistor space 
associated with (6.1) is indeed supersymmetric. 


X' = 




= i- 
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7. Summary and discussion 

In this paper we studied a new deformation of twistor string theory; we tested the 
proposal that the deformation of twistor space to a space whose complex structure is 
defined by the transition functions (6.4) is associated with the deformation of iV = 4 
super Yang-Mills theory given by the following Lagrangian: 

9 ^!^ = ^ tr- [0x, ^ D^'i\} + #r^[0x, ^]) 

Here is the mass parameter in the representation 10 of the R-symmetry 

group SU{4:), and is linearly related to and is given in (A.20). 

We calculated tree-level 4-point scattering amplitudes up to order 0{M) and we 
checked that these amplitudes can be reproduced from an integral over a moduli space 
of holomorphic curves in the deformed twistor space, just like the undeformed case. 

Among other things, twistor string theory is interesting in that it opens a window 
into the nonperturbative aspects of topological string theory on supermanifolds. There 
has been a lot of progress recently in understanding the nonperturbative aspects of 
topological string theories on ordinary manifolds (see for instance [25]-[31]). 

The perturbative open topological string theory with target space reproduces 
a self-dual truncation of Y = 4 SYM theory [2]. Extensions to other weighted projective 
target spaces were demonstrated in [20]-[23]. It was also suggested in [2] that Dl- 
instantons in the topological string theory complete the self-dual truncation to a full 
Y = 4 SYM theory. In fact, the integral (5.1) (copied from [2]) is the one-instanton 
contribution to the amplitude. Our results suggest a possible extension of these ideas 
to a 10-parameter family of deformations of the target space 

Other deformations of twistor string theory have been studied in [32] [33], and 
orbifolds of twistor string theory were studied in [34] [35]. For example, Kulaxizi and 
Zoubos [32] translated the so-called 0-deformat ions of Y = 4 SYM [36]-[40] into a non¬ 
ant icommut at ivity among the fermionic coordinates of super twistor space. It would 
be interesting to add a chiral mass term to these deformations and to the orbifold 
constructions. 

Another possible direction for further study is the reduction to F = 3 and lower 
dimensions. The relevant target space for F = 3 is the weighted projective space 
pj/Cp2|i>il>i. This reduction was studied in [10][41][42] and involves minitwistor space 
[43] [44]. Other reductions of twistor string theory have been recently proposed in [45]. 
It would be interesting to further study the corresponding reduction of the complex 
structure deformation that was described in the present paper. 
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A. Notation and useful formulae 


A.l Spinors 

Our metric is in Minkowski signature (-f, —, —, —). Spinor indices of type (1/2, 0) and 
(0,1/2) are raised and lowered with antisymmetric tensors and their inverses 



A„ = A“ = e“^A^, A<i = e ■ .F, A“ = 


with 


, _ , _ ,a/3 _ ,0/3 

^0/3 — e^/3 — , 


^12 — 1 - 

The Lorentz invariants (Ai,A 2 ) and [Ai,A 2 ] are dehned as 

(Ai, A 2 ) = —(A 2 , Ai) = eQ,^A"Af = A“A2a = —AiqA^, 


(A.l) 

(A.2) 


(A.3) 


and 

[Ai, A 2 ] = —[A 2 , Ai] = — AiqA 2 = ~A“A2a. (A.4) 

The vector representation of S0{3, 1) can be represented as the tensor product of two 
spinor representation of opposite chirality via: 


Poo = (A.5) 

where = ( 1 , <7), = ( 1 , —a) and a are Pauli matrices. 

Some useful formulae for a-matrices are listed below: 



^?oo„At ororo 

(A.6) 



(A.7) 

tra^^a^ = 27]^^^ 

(A.8) 
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The inner product of two vectors gives 


^ trKa"]lT^K = 


:W^^Vaa. 


(A.9) 


If is lightlike, we can decompose as 


Paa 


(A. 10) 


Furthermore, if is also lightlike (written as Qaa = l^al^a) we have 


(AAl) 


A.2 SU{A) i?-symmetry indices 

In A = 4 super Yang-Mills theory, the scalar held 0x is real and in the representation 
6 of SU{4). Since 6 is the antisymmetric part of 4 x 4 or 4 x 4, we can exchange 0x 
(X is an index of 6 ) for the complex antisymmetric held (pAB = —4>ba (A, B\ indices of 

(pAB = (A. 12) 

^ij'^\b^cd = 2^abcd, (A.13) 

Tab = 2 (A. 14) 

= 2 Pab = 2 ^ABCDp^^, or (Pab)* = P^^■ (A.15) 

It follows that 

Plp2I = P 2 P 1 I = S^'^4>lIp2J = Pi^p2AB- (A.16) 

Some useful formulae regarding antisymmetry of Pab are listed below: 

~2 4>2CDp3^ = p2^'p3CB + P^^p2CB) (A.17) 

“2 {p2CDpP + PsCDpP) = {p2CDpz^ + p3CDp2^) , 

(A.18) 


4) or p^^ = —p^^ (A, B: indices of 4) by 


<pAB — r^B^X, 


where F^’s satisfy 




AxB xAxB\ 


and 


XAB 1 ABCD-rl 




CB) 


The reality condition on p now reads as 
1 1 
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and 


AB' B"A'" iA"B" 


, iB A 1 x 

<p2A'B' = (p2A'B' + 0 


stA'" 

^A" 


'>3 '^4>2A'B' 


03 ^4>2A'A"- (A. 19) 


The mass parameter is in the irreducible representation 10 of the R- 

symmetry group SU{A). Using the double cover SU{A) SO{Q), the representation 10 
of SU{4:) is induced from an irreducible representation of SO{6) which can be realized 
as self-dual anti-symmetric 3-tensors. Explicitly, dehne 

Then, the 3-0 coupling from (B.5) can be written as 

tr|0^c'[0BD, 0 £;f] } = tr|0x0j'0^}. (A.21) 


We dehne the sM(4)-invariant symbol 


t^IJK _pT py p^] CDEF 

AB DE^- CA^ FB^ 


(A.22) 


It is symmetric in AB and anti-symmetric in IJ' 1C and satishes the self-duality relation 

1 


pxy^ _ 

^ AB — 


3! 


pPS7^ 
^ An • 


VQU^AB 


We can then write 


Mm ^ 


(A.23) 

(A.24) 


B. Feynman rules with chiral mass terms 

The Lagrangian of H = 4, A^ = 4 Yang-Mills theory is given by 

£ = A tr + 2D^il>xD>‘4>x - [4>i, + A V'l) , 

where ip = {ip'^,ip^) is a Dirac spinor, and we treat ip°‘ and ip^ independently.® 

In terms of Y = 1 superhelds the Lagrangian is 

/£ = j (fWe tr{$ie^<I>*} + j d‘^eii{WaW^+ 

+ j d20tr{Tu“TU^ + e*A$4$^.,$,]}, 

chiral superhelds: $* = 0^ -f V29ipi -|- 99Fi, i = 1,2,3 

vector superheld: V = —9a^9A^x + i999\ — i999\ + -9999D, (B.2) 

^In Y = 4 SYM ipa is actually a Majorana spinor. But in order to get the Feynman rules by analogy 
with ordinary QED, we treat the two chiralities independently and in the end identify external fermions 
as anti-fermions to take into account that ip is Majorana. See also Appendix B.5. 
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where we identify the component helds of (B.2) with those of (B.l) according to 


(j)A=i,B=j — (j)A=A,B=i — <Pi, (B-3) 

and 

{ijA=i,iJA=i) = {iJA=4,'ipA=4) = (b.4) 

where = V^^^<px = e^^^^(pcD/‘^ (as dehned in Appendix A.2). 

Now, if the chiral mass term is added to (B.2) as discussed in (6.1), A^ = 4 

supersymmetry is broken to A^ = 1 and the extra term (6.2) leads to 

AU = + ^gM^^e^^^^<pAc[(i)BDAEF\], (B.5) 

which is added to (B.l) (with = 0).® 

In this paper (unless otherwise mentioned), we considered the general chiral mass 
term (i.e., could be nonzero) and the mass deformation had the form (B.5) 

(thus breaking N = 1 supersymmetry in general). In the following, we hrst present the 
Feynman rules involving the chiral spinor mass term in B.1-B.5 and later in B.6 we 
present the Feynman rule for the 30-interaction. 


B.l Fermion propagators 

When the chiral spinor mass term M^^ip^j(tp°^ is added to (B.l), the Dirac part of the 
modihed Lagrangian reads (the color group factor is ignored) 


Coirac = ^{i'-i^d^)'tp - M^^tp^AtpB = igP%'tpaA) 


0 


i’iBB 

P 

B 


(B.6) 

The spinor propagator is ix (inverse of the middle operator) on the right of (B.6). 
With the identities in (A. 7), the propagator is given by 


0 y 0 Sa^p'^^ 0 y ' 


The corresponding Feynman rules are listed in Figure 1. 

®The equality of the chiral spinor mass terms in (6.2) and in (B.5) is obvious, while the equality of 
the mass-deformed 30-interaction terms is less transparent and will be discussed in Appendix B.6. 



a, A P 


— * „2 0 B 


a, A P f3,B 


p 


a^A_P_^,B =,P^sB 


a, A P p,B ^ 


= 0 


Figure 1: The fermion propagators in the presence of a chiral mass term. 


B.2 Solutions of Dirac equation 

With the anti-chiral mass term, the Dirac equation can be read off from (B.6) as 


0 









= 0 . 


(B.8) 


The solutions were described in §2.1. Consider the positive-frequency solutions, i.e., 
= 'ipa{p)e~'^^'^ and ip°‘{x) = . These ipa{p) and {p) obey the equation 

of motion (2.1). It is easy to see that = PaaP°"^ = 0, and thus the momentum is 
lightlike and can be decomposed as (2.2). A basis for the solutions is given by (2.3), 
which is invariant under 


V'a^Va + C^o 


JA 


- CM^^Pb, 


Qb 


Qb 


for any arbitrary number C,. 


(B.9) 


B.3 Helicities and incoming functions 

In the presence of an anti-chiral mass term, the helicity and chirality no longer coincide. 
However, since the 4-momentum p is still lightlike helicity is Lorentz invariant and can 
be used to specify the polarization of incoming and outgoing fermions. 

When the lightlike p is written as (2.2) and if we treat ^a(A,A), f?^(A, A) and 
? 7 a(A, A) in the solution (2.3) as continuous functions of A and A, the helicity operator 
is given by 

d d 

^ ^ -(B.IO) 

which gives eigenvalues —2h when acting on the function iplp) if ip{p)e^^'^ is a momen¬ 
tum eigenstate [2]. To hnd the solutions of positive and negative helicities, we hrst 
study some properties of helicities: 
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Lemma B.l. hf{E) = 0 if f{\,\) is a function of the energy E only. 


Proof. 2E = [pq +P3) + {po — Ps) = Pii +P 22 = -^i^i + ^ 2 ^ 2 - is easy to show JiE = 0 
and therefore hf{E) = 0. □ 

Lemma B.2. hpa = —Va, if ha is given by'^ 


2E 2E' 


V2 = 


2E 


A 

2E' 


(B.ll) 

□ 


Proof. Follows immediately from E = AiA^ + A 2 A 2 . 

Using (2.3), let’s write the solution as a Dirac spinor® 

= i^A + i’a = + A^^^ + (B.12) 

The eigenvalue problem hifa = —2hifa now becomes 

htf^ = h (^A"^a + + M^^PoQb 

= -A'^^'a + ^‘^{hpA} + + Kihg"^) + PP^^pa{hgB) - M^^p^^Qb (B.13) 

by Lemma B.2. Furthermore, by Lemma B.l, if we choose = 0 and 'g = g{E), we get 
the positive-helicity state with h = +1/2; if we choose ^ = 0 and g = g{E), we get the 
negative-helicity state with h = —1/2. Therefore,we have a basis of helicity states: 

< = ^a(^)A“ + M^^ME)Va, uf, = g^{E)K. (B.14) 

The normalization condition will £x g, 'g and p. Firstly, we consider the orthogo¬ 
nality of u~^ and u~: 


u 


h4„s = (/*A*,/*A;,0,0) 


/ M^^gcpA 
M^^gcP2 

V gB\^ J 


= g^*M^^gc {Xlpi + \lp2) = 0. (B.15) 


This together with (2.4) enforces the solution in (B.ll). 


^The exact reason for the choice (B.ll) will be clear when we study the normalization condition 
(B.15). The choice (B.ll) satisfies (2.4). Also note that in Minkowski signature we have A* = iAa and 
we choose the + sign here for positive-frequency solutions (— sign is for negative-frequency solutions). 


^The Dirac spinor 'ff = tp'^+ ipa is a shorthand for ipf = [ —d ) + 

\f’A 




- 30 - 



Secondly, consider 




AA 

A^ 

0 

VV 


= ( AiAi + A 2 A 2 ) = 2Eg^*g^. (B.16) 


A* 


To have the correct normalization condition, namely = 2E5"^^, g^^s have to 

satisfy 

gA*gB ^ 

Finally, we compute 

M^^gDV2 
f?sA^ 

V 0 b\^ j 

= {M^^gcY M^^gn {\r]i\‘^ + \r]2\‘^) + ^aQb (a^A^ + PA^ 


u_ 


V M+ = {M^^gcViT, {M^^gcV2T, (^'aA^)*, (^'aA^)’ 


= 2E ( 


/{M^^gcYM^^gD 


4^2 


+ ?A^?B 


(B,18) 


by (B.ll). To have = 2E5^^^ we have to set 

{M^^gcYM^^go 


4^2 


+ ?A^?B — S 


AB 


(B.19) 


This in general is not possible. The failure to orthogonalize the + helicity part is due to 
the fact that the Hamiltonian is not Hermitian (CPT is violated). Nevertheless, for an 
arbitrarily given gA^E) and gA^E), = gA^°‘ + M^^'gBTja can always be normalized 
and used for incoming states. 

To summarize, the basis of normalized helicity states is: 


U+a{p) = + M^^gBT]a, U-a{p) = (B.20) 


Following the recipe of held theory, in momentum space, we use u±{p) for the incoming 
fermion state functions with ±1/2 helicities.® 

®When studying the holomorphic structure of scattering amplitudes connected to twistor string 
theory, we relax the conditions (B.ll), (B.17) and (B.19). Instead, we use the freedom (B.9) to set rja 
to ? 7 q = (1,0) while scaling A“ to (1,Z = A^/A^). 
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B.4 Outgoing functions 

To find the outgoing states, we cannot just take the Dirac conjugate (i.e., u^) of (B.20) 
as in ordinary held theory, because CPT is no longer invariant. Instead, we should 
restore CPT symmetry by adding the anti-chiral mass term M^b = and get 

the new solution u'^ and its Dirac conjugate In the end, we take Mab 0 

(formally keeping hxed) and in this limit will be the outgoing states for our 
theory with only a chiral mass term. 

With both chiral and anti-chiral masses, the momentum is no longer lightlike. 
However, we can take the relativistic limit {p 3> M) and still decompose p = XX. At 
the order 0{M), the helicity is still well-dehned, and repeating the calculation above 
leads to 

uiaip) ~ ’ 

M-a(p) ~ + MabQ^T = 

where X°‘pa = Ao-fj" = 1. This gives the Dirac conjugate: 

^ P^A" - MABQ^fja = (p^A", -MABQ^fja) , 

+ QAXa = (-M^^gBV"^, PaA«) , 

by the identities = Mab, (qa)* = and (pa)* = —Pa-^^ Setting Mab 

get the outgoing state functions: 

= /A", = -M^^qbP^ + QaK- (B.23) 

Equivalently, (B.20) and (B.23) give the Feynman rules for external fermions depicted 
in Figure 2. 

B.5 Negative-frequency solutions 

Similarly, we can solve for the negative-frequency solutions: 'ip{x) = v{p)e^^'^. Re¬ 
peating the calculation above, we hnd a basis of normalized helicity states for anti- 
fermions:^^ 

V^ip) = PaA“ - M^^QBPa, V^{p) = Q^Xa. (B.24) 

^*^In Minkowski signature, we have (A“)* = ±A“ and we choose the + sign here for positive frequency 
solutions. In order to satisfy A“? 7 q = Aq? 7 “ = 1, we have to choose (r/a)* = —fja correspondingly with 
an extra minus sign. 

^^In fact, since CPT is violated, “anti-fermion” is not an appropriate term to describe the negative- 
frequency solution. Nevertheless, we use this name anyway for convenience. 


(B.22) 
= 0, we 
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+ Pa 
incoming 




+ Pa 
incoming 


= 


P a 


incoming 


= 


P a 


incoming 


= 0 


-\- P cy 
outgoing 


= 


+ P a 
outgoing 


= 0 


P a 


outgoing 


= -M^^gsp 


P a 


outgoing 


— QaXc 


Figure 2: The Feynman rules for external fermions. 

To compute h±(p), we follow the method discussed after (B.23). For negative-frequency 
solutions, however, we have (A“)* = —A" and accordingly we should choose (^a)* = 
and {rja)* = Pa (contrary to the positive-frequency case). This leads to 

h+(p) = v^{p) = -gAXa - M^^gsp'^. (B.25) 

In momentum space v±{p) is used for the incoming anti-fermions with ±1/2 helici- 
ties and v±{p) for the outgoing anti-fermions with ±1/2 helicities. The corresponding 
Feynman rules for external anti-fermions are depicted in Figure 3. 

Notice that since is Majorana, the anti-fermions with adjoint color 

Ti and helicity ± are identical to the fermions with Ti and helicity =F- We can treat 
any external fermionic legs as either “fermions” or “anti-fermions.” The Feynman rules 
in Figure 2 and Figure 3 turn out to give the same resulting amplitude regardless of 
which way we choose, as long as all the directions of the arrows are consistent with the 
vertex rules depicted in Figure 6. 

B.6 Mass-deformed 30-interaction 

We hrst study the case that is restricted to (i.e. = 0). 
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p 


a 


incoming 


= 


P 


a 


incoming 


= 0 


P 


a 


incoming 


= -M^^qbP 


P 


a 


incoming 


Pa^c 


P 


a 


outgoing 




P 


a 


outgoing 


= Pa>^^ 


P 


a 


outgoing 


= P^>^c 


P 


a 


outgoing 


= 0 


Figure 3: The Feynman rules for external anti-fermions. 

With the held identihcation (B.3), the mass-deformed 30-interaction term in (6.2) is 
given by 

= [0^n,0p,] = ^ 0440,^, 0U- (B.26) 

On the other hand, with the 30-interaction term in (B.5) reduces to 

tr 4>ac[4>bd, (Pef] } 

= tr 0i4[0jfc, 0/m] + 0ifc[0j4, 0/m] + ' ' ' } 

= 2 tr 0400,fc, 0/m]} • (B.27) 

Comparing (B.26) with (B.27), we conclude that the 30-interaction term in (6.2) equals 
that in (B.5) when —> M*-^. 

For general , we then have the 30-interaction in the Lagrangian: 

I tr {M^^e'^^^^0^c[0BD,0i<;F]} = | tr 0BD[0i<;F, 0 ac] } = ■■■ 

= I tr {0x [0y, 0;c]} = I tr {0x [0y, 4>k\] = ■ ■ ■ 

= |M^^Fj^F^,,Fg,,6^^^^tr{0x[0y,0;c]} = | tr {0x [0y, 0;c]} (B.28) 
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where “• • • ” means cyclic permutation of indices. The planar part of the corresponding 
Feynman rule (3-scalar vertex) is depicted in Figure 4. 


\ 

) -- = 

/ 

/ J 


Figure 4: Feynman rules for 3-scalar vertices (planar part only and the algebraic factor for 
the color group ignored). Here, X, J and /C are SC/(4) R-symmetry indices in the repre¬ 
sentation 6. (X, J, 1C) are in the counterclockwise order on the page, since for the planar 
diagram we use the convention that the color group factor is the trace of adjoint matrices in 
counterclockwise order. 


B.7 Other Feynman rules 

The Feynman rules involving the gluons do not change with the (anti-)chiral mass term. 
For our purpose, instead of arbitrary e^, we use helicity to describe the polarization. 
To get a positive (negative) helicity polarization vector, we set 






€ 


* 

/t,+ 




(B.29) 


where is arbitrary but not a multiple of A (A) (See [2]). Feynman rules for external 
gluons are shown in Figure 5. 

All other Feynman rules are exactly the same as those in the massless theory. In 
particular, we list the fermion-gluon vertices in Figure 6, fermion-scalar vertices in 
Figure 7 and scalar-gluon vertex in Figure 8. 


C. Detailed computation for Feynman diagrams 

In this section, we present the calculation of the tree-level planar Feynman diagrams 
in detail for the scattering amplitudes presented in §3. Some techniques used here can 
be found in [46]. 
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p 


= e 


incoming 






_ 


(«,A> 


incoming 




^{yn 


_ 

[A,«] 



outgoing 


^ _ '^atd 

fcM,+ [A,|] 



outgoing 


-* _, 2 _ 

fi- taa — 


Figure 5: The Feynman rules for external gluons. 




Figure 6: Feynman rules for fermion-gluon vertices. Here, A and B are SU{4:) R-symmetry 
indices in the 4 or 4 representation. The algebraic factor for the color group is ignored. 




= 2ig 


Figure 7: Feynman rules for fermion-scalar vertices. Here, A and B are SU{4:) R-symmetry 
indices in the 4 or 4 representation and 2 is the index in 6 representation. The algebraic 
factor for the color group is ignored. 

C.l MHV amplitudes (extended MHV at 0{M^)) 

In this subsection, we calculate MHV diagrams without mass contribution. 
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P2^ 

9 (p^ + 

Pi/ 

/ J 


Figure 8: Feynman rule for the scalar-gluon vertex. Here, 2 and J are S'C/(4) R-symmetry 
indices in the 6 representation; pi and p 2 represent the physical momenta if the corresponding 
dashed line happens to be an external leg. The algebraic factor for the color group is ignored. 

C.1.1 Hc)(A4'0)( + l5 +1, ~1) 

This is a 4-gluon scattering amplitude. The Feynman diagrams are shown in Figure 9. 
Accordingly, the amplitude of 4 gluons are the same as that without the mass term, 
which is given by (See, e.g., [8]) 



Figure 9: Planar Feynman diagrams that contribute to the MHV amplitude 

Ac)(MO)(+f)+f) “1) “!)• Ill order to directly apply the Feynman rules as in Appendix B, 
in the figures we are not using the convention that all external legs are incoming (instead, all 
depicted momenta and helicities are physical). 

C.1.2 Aa(M0)(+l/2,+1,-1,-1/2) 

This is a 2-gluon and 2-fermion scattering amplitude. The Feynman rules give two 
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Figure 10: Planar Feynman diagrams for the MHV amplitude +1, —1, —1/2). 

Wavy lines are gluons and solid lines are fermions. Time is in the vertical upward direction. 


contributions listed in Figure 10: 


Aa = liga 




i{pi 


B 


{pi+P 2 y 


€ 2 ^+. (C.2) 


Here, 621 ^+ and are gluon polarization vectors for the particles with momenta p 2 
and ps, respectively, are Pauli matrices. By the rules in (B.29) and in Figure 5, we 
have 


ei,+ ip2)a^a = 




2a 


(6, 2) ’ 

where ^2 and .^3 are arbitrary spinors. 






(C.3) 


= 


ig'^Q^QiA 


(l,2)[l,2][3,e3](6,A2) 


(Ai A" + AfA^') 'C2QA2aA“ 


ig'^Q^QiA 


(3,4) [|3,l](l,e2) + [l3,2](2,6) 


(1.2>[3,{3l({2.A2> ■■ 

Gauge-hxing the external gluon polarizations by taking ^2 = A 3 and .^3 = A 2 , we get^^ 


Aa ig Qi 01A 


2 ., (3,4) (1,3) [2, 1 ] _ {3,4)=>(1,3> 


= -tg ft ^1.4 ■=■ 


nt, (".*+!>’ 


{1,2>{2,3>12,3] 
where we have used the identity 

[2.11 (4,3) 

|2.3| {4,1>’ 

which follows from momentum conservation, Y^i=i Af A" = X]i =3 Af A“. 
^^Henceforth, an arrow ^ represents a particular gauge choice. 


(C.5) 


(C. 6 ) 
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The diagram of Figure 10b gives 


Ah = e 


'3 1'-\- 


[ig) [ri'^‘'{p2 + P 3 y + p''yP2 -‘lpy^^ + ? 7 ^^( p 3 - 2p2Y] €2^,+ 


X 


Pap 


. {P 2 - Pzf 


QiaXY 


(C.7) 


where P 2 ^ 2 p+ = ^su+Ps — 0 e^j^j^e 2 p+ can be expressed again in the form of 

Figure 5 with the help of the identity (A.9). 

It follows that 


Ah — 


-ig'^gfgiA 


2(2, 3) [2, 3] [ 3 ,^ 3 ] (6, 2) 

X 


XtXi 


3 ^'3^'2/3'^2/3(P2 T Psjaa ‘^^361X30X2^ ^2gP3^ 2(^g A3 (^2a 

(4, 2) [2,1] (3,6) [2, ^ 3 ] + (4, 3) [3,1] (3,6) [2,6] 


-ig^gfgiA 


2(2, 3) [2, 3] [3,6] (6, 2) 

-2(4, 3) [6,1] [2, 3] (3,6) - 2(4,6) (3, 2) [2,1] [2, 

^ 0 

in the gauge ^2 = X 3 and .^3 = ^ 2 - 
Therefore, 


2ic>(vf0)(+l/2, +1, —1, —1/2) — Aa + Ah — ig'^g^giA 


(3,4)3(1, 3) 

nti(b* + l) 


(C.8) 


(C.9) 


C.1.3 Ao(mo)(+1/2, +1/2, -1/2, -1/2) 



helicities for the 1st and 4th particles are flipped since we treat them as anti-fermions. 
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This is a 4-fermion scattering amplitude. The Feynman diagram in Figure 11(a) 
gives 

= 2i/gfgiAgfg2B {^’ aui ’ a ! = giAgf Q2B ^ 4 ’ (C.IO) 

(1,4)[1,4J lL=i(h* + l) 

by the identity (A.6). 

Since the anti-fermions with adjoint color T* and helicity ± are identical to the 
fermions with T) and helicity =F, we should consider the s-channel as shown on Fig¬ 
ure 11(b), which gives 

A = (^?f A4^)(^>^A^) {2zgT^j,S\) -^^^^2 
= -2ig‘^{QiQiAQzQ2B - QzQiAQiQ2B)'^^^ 

= —2igf^(g4 giAgf g2B — QzQiaQaQ2b) ^ 'i ^ ^ (C-H) 

ni=i(b* + i) 

by the identity (A. 13). 

Thus, 

Ao(mo)(+ 1/2, +1/2, -1/2, -1/2) = A, + Afe 

= . {gfgmg3^g2B((2,3)(4,l) - (3,4)(1,2)) - ^2 b(2, 3)(4,1)} 

n*=i(b* + 1) 

^ y {^?f^lA^2B^?f (1,3)(2,4) + (2,3)(4,1)} , (C.12) 

ni=i(b* + i) 

where in the last line we scale (A), A^) = (1, Zi) and thus (f, j) = Zj — Zi. 

C.1.4 Ao(mo)(+1/2,0,0,-1/2) 

The Feynman diagram in Figure 12(a) gives: 
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Figure 12: Planar Feynman diagram for 0, 0, —1/2). The dashed lines are 

scalars. 


where 993 ^ and ip 2 X are used for the external scalar particles and (A. 16) is used. 
Figure 12(b) gives: 






ii.Pi + P2) 

iPl+P2f 


qiaXi ^21 


‘lig^dlQ\A^2^^ZBC 


2ig^QfQlA^^^(pSBC 


(4,1)[1,1] + (4,2)[2,1] 

( 1 , 2 ) [ 1 , 2 ] 

(2,3)(3,4)(4,1)(2,4) 

nti(b^ + l) 


(C.14) 


Altogether, 


X^oiMO) (+1/2, 0, 0, —1/2) — Aq + Af, 

= —^-^--+^-^-^|-^f^iA9^f*^9^3Bc(l,2)(3,4) + giA(p2^(p3Bc{‘^,’i){4^, 1)|- 

n*=i+A + l) '-4 1 

(C.15) 


C.2 Extended MHV amplitudes at (T(M) 

In this subsection we will calculate the extended MHV diagrams with the contribution 
of the mass up to the first order. 
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Figure 13: Planar Feynman diagrams with two external fermions and two external gluons 
corresponding to the extended MHV amplitude ^c)(a^)(+1/2, +1, —1, +1/2). 


C.2.1 Ao(m)(+1/2,+1,-1,+1/2) 

The Feynman diagrams are listed in Figure 13: 


A = e*3^+P4B\/3 

_ ig‘^M^^QiAQ4B 

~ (1,2) [1,2] [3, 6 ]( 6 ,2) 


i{Pl +P2)f5a 

{Pl+P 2 y 




^ 43 ^ 3^3 Ai/jAiq + A2/3A2a 


— 7, J4+l(!M)+^_ • 2 i\/fAB~ ~ [4,2](3,l)(3,r/i) 

— ig M QiaQ4 B———7 —^-———- > ig M QiaQ4 B- 


= ig‘^M^^giAQ4B 


(1,2) [3, 6 ] ( 6 , 2) 

(3,l)(3,4){(3,l)(3,r7i)} 

nti(F^ + l) 


(1,2)[3,2](3,2) 


(C.16) 


in the gauge .^2 = A 2 and ^3 = A 3 . 
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Similarly, we have 


Ab = QAcVi) 

ig'^M^^QlAQAB 


i{pi +P 2 )^“ 


(1,2) [1,2] [3, 6 ] ( 6 , 2) 


{P 1 +P 2 Y 

[AfA“ + AfA“ 


^ PmA“e 2 ^+ 

■^ 20 ^ 20 ^“ 


= -ig^M^^giApAB 
-ig'^M^^QlAQAB 
= -ig'^M^^QiAQiB 


( 3 ,r/ 4 )[| 3 ,l](l, 6 ) 

(1.2) [3,e3](6,2) 

(3, 774 ) [1,2] (1,3) 

(1.2) [3, 2] (2, 3) 
(3,1)(3,4){(3,4)(3,774)} 

n?=i(h* + i) 


in the same gauge. 
Meanwhile, 


■ugg 


Ac — £3i/+P4B^4g 

ig‘^M^^QlAQ4B 




QlA^i ^2/i+ 


(l,2)]l,2][3,e3](6,2) 


L (Pl +P2)^J 

A4^'f3A3 'C2aA2aAi —^ 0, 


(C.17) 


(C.18) 


for A^6a^(3,3) = 0 . 

Furthermore, since the 3-gluon vertices in diagrams (d) and (e) have exactly the 
same structure as that in Figure 10 (b), we have the same vanishing result as (C. 8 ): 


Arf ^ 0 , Ale ^ 0 , 

as we are taking the same gauge, ^2 = A 2 and ^3 = A 3 . 
As a result. 


(C.19) 


^c>(m)(+1/2, +1, —1, +1/2) — Aa + Ab + Ac + Ad + Ae 

tg^M^^g^APAB (3,l)(3,4){(3,l)(3,r/i)-(3,4)(3,774)} 

2 nti(M + l) 

ig^M^^Q4AQ4B (3,1) (3,4) (4,1) 


where in the last line we scale (A^,Af) = ( 1 , Zi) and (p/,p/) = (0,1); accordingly 
(ij) = -(j+) = and (i,gj} = -(pj,i} = 1 .^^ 

^^Henceforth, a long arrow —> represents the scaling (A), Af) = (1, Zi) and (g},gf) = (0,1). 
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C.2.2 Ao(m)(+1/2,+1/2,-1/2,+1/2) 

The Feynman diagrams are listed in Figure 14. Figures (a)-(d) are diagrams exchanging 
a gluon propagator while (e) and (f) exchange a scalar propagator. 

The Feynman rules give us 


Aa = (-M^^^4 eV4)(aa^?) (igcr^^S^D) 


-iVfMP 


(Pl -P4)^ 




= QlAQ4D){,di Q2 c) 


,(3,774) [1,2] 


(1,4) [1,4] 


— QiAQad){,Q^ Q2c) 


c~ \ (1, 2)(3,4) {(3,4)(3, 774 )} 


nti(h* + i) 


(C. 21 ) 


by the identity (A. 6 ). 

Ab = {g4D^4s){M^^giEriia) (iga^^°'6A^ 




Hpi-Pa)^ 




(1,4)[1,4] 

n»=i(b*+1) 


(C.22) 


by the identity (A. 6 ). 

Ac = (g4D^)(g3^J) (^iga^/^c 
= 2ig‘^{M^^QiAQ2B){Q3Q4c) 
= 2ig‘^{M^^Q iaQ2b){Q3 Qac) 

and 




v{pi+P2y, 

( 3 ,772) [ 1 , 4 ] 
( 1 , 2 )[ 1 , 2 ] 
( 2 , 3 )^(r 72 , 3 )( 4 ,l) 

nti(b^ + l) ^ 


{iga‘''^^5B"^) {-Q2FP2g) 


(C.23) 


Ad = ig4D\i)ig3 >^l) [iga^A^c 


.7* xD, 


= 2ig‘^{M^^giAg2B){g3 g4c) 


'yS 


C' 




[iPl+P 2 )‘^, 
(3, 771 ) [2,4] 




— M^^giEPi) {g2B^2, 


( 1 , 2 ) [ 1 , 2 ] 


= -2ig‘^{M'^^giAg2B){g3 g4c) 


P' 


(2, 3) (3,1) (3, 771 ) (4,1) 

nti(b^ + l) 


(C.24) 
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Figure 14: Planar Feynman diagrams with four external fermions corresponding to the 
extended MHV amplitude 4.c)(jvf)(+l/2,+1/2, —1/2,+1/2). 


The Feynman rules in Figure 7 give: 

Ae = {QAD\i){QlAK) l) >^T){M^^Q2Er]2p) 

= — QiaQ-2bQz QiC — Q2BQADdiQi(^) (C.25) 

and 

= Q4:DQ2bQ3 Qic ~ giAQiDQs Q 2 C^ (C.26) 

by ithe dentity (A. 13). 
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Altogether, the extended MHV amplitude for the four external fermions is 


^ c >( m )(+ 1 / 2 , + 1 / 2 , — 1 / 2 , + 1 / 2 ) — Aa + ■ ■ ■ + Af 

, { QiaM^'^Q2bQ^^q^c{1, 2) (2, 3) (3,1) 

n+h^ + i) 

+i?mi?3 i?2BAf^^P4£)(2,4) (2, 3) (3,4) 

+^2Bi?f^iAM^''p4D(4,l)(l,3)(3,4)}. (C.27) 


C.2.3 Ao(m)(+1/2,0,0,+1/2) 

The relevant Feynman diagrams are given in Figure 15. Diagram (e) involves a 3-scalar 
vertex, which is due to the presence of the chiral mass term (as discussed in §6 and 
Appendix B.6). 



Figure 15: Planar Feynman diagrams with two external fermions and two external scalars 
corresponding to the extended MHV amplitude (+1/2,0,0,-1-1/2). 
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The fermion-exchanging diagrams are calculated as usual: 




'ij.Pl +P 2 )i 3 Jd 
{P l + P2Y 


qiaXi ^ 2 X 


= -2ig^ QicM^^ Qia 


(2,3)(3,4)(4,l)(r/4,2) 


2nti(h* + l) 


-2ig'^g4cM^^ip3BDP2''giA 


(2,3)(3,4)(4,1) 


2ni=i(h* + 1 ) 


(C.28) 


and 




i{Pi +^ 2 )^“^, 


{Pi+P 2 y 


{ 2 igr^^^) M^^gioVia (P 21 : 


= -2ig^ g4Bpi^g^2DAM^^ Qid 


tAD~ (l,2)(2,3)(4,l)(3,r/i) 


2nti(h* + l) 


‘2ig'^04B pi^(p2DAM^^ giD 


An^ (1,2)(2,3)(4,1) 


2ni=i(h* + i) 


(C.29) 


The gluon-exchanging diagrams are given by 


A = P?,jQ 4 bXm ) M'^^gicPi 


'4/3 

tBC 


-iPfMP 


[{p4-piy_ 




{p2+P3yA'^] (P 2 I 


— ig g4BM gicPiA'B'P2 


^,B,(l,2){3,4)({l,3>{i,i,2) + {l,2)(r,i,3)) 


—'ig'^ Q4 bM^^ giC(piA'B''P 2 


2nti(b* + i) 

^,^,(l,2)(3,4)((l,3) + (l,2)) 


2nj=i(b* + 1 ) 


(C.30) 


and 


Ad = g^DPA QiaK 


-iPfiv 


L(P4 + Pi)" 


W 


{.P2+P3y5^^] ‘-P2I 


= ig'^04BM^^ gic(piA'B'^2 


. 5 ,( 1 , 2 )( 3 , 4 )(( 2 , 4 )( 3 , 374 )-( 2 , 3 ^ 4 )( 3 , 4 )) 


ig^ Q4 bM^^ giC'PlA'B'<P 2 


mlAA+y 

^,5,(1,2)(3,4)((2,4) + (3,4)) 


2nti(b* + i) 


(C.31) 
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Finally, the Feynman rule for the 3-scalar vertex as depicted in Figure 4 gives 


die = QabKpQia^i 


-iS 


CfC 




{Pl -P4)^ 

(1 4) [1 4] M^^LP2DF 

QiAQaB iM^^g)2CD — M^^(f2CD Pz 
n*=i(h^ + i) ^ 

^ZBDP2^ QiA + QaB’Pz^ P2DaM^^ Qir, 


f-,. 2 QlAQiB 

= -2s9 


_ ,(1,2)(2,3)(3,4) 

— ig 


_ _ ,{1,2)(2,3)(3,4) 

— ig 


^BD 


m=i(h^+i) 


+ QibPz ^ ^ 2 D'B' (“, 


B'D' 


(C.32) 


where the identity (A. 18) is used in the last line. 

Put all together, we have 

Ac>(m)(+1/2, 0,0, +1/2) = Aq + Af, + Ac + A^ + Ag 


ig 


ni=i(h* + i) 


, 3) (3,4)(1,4) + (2, 3) (3,4) (2, 1))^4cM^''+3BD+^^Aa 


^DA' 


+ ((l,2)(2,3)(l,4) + (2,3)(3,4)(2,l))^4i?+r+2D2iM^^^iB 
o((l> 2)(1,4)(3,4) + (2, 3)(3,4)(2, l))g4BM^^gic^z ^ ^2 B'd' 


^g 


ni=i(h* + i) 


I(2, 3)(3,4)(4, 2)g^cM^^(pzBDP^^giA + (1, 2)(2, 3)(3, 1)g4BPz^'P2 DaM^^ gio 

(C.33) 


-((1, 2)(2, 3)(3,4) + (1, 2)(1,4)(3,4))^4BM"^^ic+f ^ P2B'd^ 


References 

[1] R. Penrose, ’’Twistor algebra,” J. Math. Phys. 8, 345 (1967) 

[2] E. Witten, “Perturbative gauge theory as a string theory in twistor space,” Commun. 
Math. Phys. 252, 189 (2004) [arXiv:hep-th/0312171]. 

[3] S. Sethi, “Supermanifolds, rigid manifolds and mirror symmetry,” Nucl. Phys. B 430, 
31 (1994) arXiv:hep-th/9404186. 

[4] M. Aganagic and C. Vafa, “Mirror symmetry and supermanifolds,” 
arXiv:hep-th/0403192. 

[5] N. Berkovits, “An alternative string theory in twistor space for A = 4 
super-Yang-Mills,” Phys. Rev. Lett. 93, 011601 (2004) arXiv:hep-th/0402045. 


48 



[6] N. Berkovits and L. Motl, “Cubic twistorial string field theory,” JHEP 0404, 056 
(2004) arXiv;hep-th/0403187. 

[7] W. Siegel, “Untwisting the twister superstring,” arXiv;hep-th/0404255. 

[8] F. Cachazo and P. Svreek, “Lectures on twister strings and perturbative Yang-Mills 
theory,” Proc. Sci. RTN2005, 005 (2005) [arXiv;hep-th/0504194]. 

[9] S. D. Badger, E. W. N. Glover, V. V. Khoze and P. Svreek, “Recursion relations for 
gauge theory amplitudes with massive particles,” JHEP 0507, 025 (2005) 

[arXiv;hep-th /0504159]. 

[10] D. W. Chiou, O. J. Ganor, Y. P. Hong, B. S. Kim and I. Mitra, “Massless and massive 
three dimensional super Yang-Mills theory and mini-twistor string theory,” Phys. Rev. 
D 71, 125016 (2005) [arXiv:hep-th/0502076]. 

[11] P. S. Howe, K. S. Stelle and P. K. Townsend, “Superactions,” Nucl. Phys. B 191 
(1981) 445. 

[12] K. A. Intriligator, “Bonus symmetries of = 4 super-Yang-Mills correlation functions 
via AdS duality,” Nucl. Phys. B 551, 575 (1999) [arXiv;hep-th/9811047]. 

[13] N. Berkovits and E. Witten, “Conformal supergravity in twistor-string theory,” JHEP 
0408, 009 (2004) arXiv:hep-th/0406051. 

[14] C. h. Ahn, “Comments on MHV tree amplitudes for conformal supergravitons from 
topological B-model,” JHEP 0507 (2005) 004 [arXiv;hep-th/0504109]. 

[15] S. J. Parke and T. R. Taylor, “An Amplitude For N Gluon Scattering,” Phys. Rev. 
Lett. 56, 2459 (1986). 

[16] F. A. Berends and W. T. Giele, “Recursive Calculations For Processes With N 
Gluons,” Nucl. Phys. B 306, 759 (1988). 

[17] Z. Bern, L. J. Dixon, and D. A. Kosower, “Progress in one-loop QCD computations,” 
Ann. Rev. Nucl. Part. Sci. 46, 109-148 (1996). arXiv:hep-ph/9602280 

[18] G. Georgiou, V. V. Khoze, “Tree Amplitudes in Gauge Theory as Scalar MHV 
Diagrams,” JHEP 0405 (2004) 070 [arXiv;hep-th/0404072]. 

[19] J.-B. Wu and C.-J. Zhu, “MHV Vertices and Fermionic Scattering Amplitudes in Gauge 
Theory with Quarks and Gluinos,” JHEP 0409, (2004) 063 [arXiv;hep-th/0406146]. 

[20] A. D. Popov and C. Samann, “On supertwistors, the Penrose-Ward transform and 
V = 4 super Yang-Mills theory,” arXiv:hep-th/0405123. 


- 49 - 



[21] A. D. Popov and M. Wolf, “Topological B-model on weighted projective spaces and 
self-dual models in four dimensions,” JHEP 0409 , 007 (2004) [arXiv:hep-th/0406224]. 

[22] C. Samann, “The topological B-model on fattened complex manifolds and subsectors of 
N = A self-dual Yang-Mills theory,” arXiv:hep-th/0410292. 

[23] M. Wolf, “On hidden symmetries of a super gauge theory and twistor string theory,” 
arXiv:hep-th/0412163; “Twistors and Aspects of Integrability of self-dual SYM 
Theory,” arXiv;hep-th/0511230. 

[24] R. Dijkgraaf, M. T. Grisaru, C. S. Lam, C. Vafa and D. Zanon, “Perturbative 
computation of glueball superpotentials,” Phys. Lett. B 573 , 138 (2003) 
[arXiv;hep-th/0211017]. 

[25] N. Nekrasov, H. Ooguri and C. Vafa, “S-duality and topological strings,” JHEP 0410 , 
009 (2004) arXiv:hep-th/0403167. 

[26] M. Aganagic, R. Dijkgraaf, A. Klemm, M. Marino and C. Vafa, “Topological strings 
and integrable hierarchies,” arXiv;hep-th/0312085. 

[27] H. Ooguri, A. Strominger and C. Vafa, “Black hole attractors and the topological 
string,” Phys. Rev. D 70 , 106007 (2004) [arXiv:hep-th/0405146]. 

[28] R. Dijkgraaf, S. Gukov, A. Neitzke and G. Vafa, “Topological M-theory as unification 
of form theories of gravity,” arXiv;hep-th/0411073. 

[29] M. Aganagic, H. Ooguri, N. Saulina and G. Vafa, “Black holes, q-deformed 2d 
Yang-Mills, and non-perturbative topological strings,” arXiv;hep-th/0411280. 

[30] N. Nekrasov, “A la recherche de la m-theorie perdue. Z theory; Gasing M/F theory,” 
arXiv:hep-th/0412021. 

[31] N. Nekrasov, “Z-theory: Chasing image theory,” Comptes Rendus Physique 6 (2005) 
261. 

[32] M. Kulaxizi and K. Zoubos, “Marginal deformations of V = 4 SYM from open / closed 
twistor strings,” arXiv;hep-th/0410122. 

[33] C. h. Ahn, “V = 1 conformal supergravity and twistor-string theory,” JHEP 0410 , 064 
(2004) arXiv;hep-th/0409195; “V = 2 conformal supergravity from twistor-string 
theory,” arXiv;hep-th/0412202. 

[34] J. Park and S. J. Rey, “Supertwistor orbifolds: Gauge theory amplitudes and 
topological strings,” arXiv;hep-th/0411123. 


- 50 - 



[35] S. Giombi, M. Kulaxizi, R. Ricci, D. Robles-Llana, D. Trancanelli and K. Zoubos, 
“Orbifolding the twister string,” arXiv:hep-th/0411171. 


[36] R. G. Leigh and M. J. Strassler, “Exactly marginal operators and duality in 
four-dimensional = 1 supersymmetric gauge theory,” Nucl. Phys. B 447, 95 (1995) 
arXiv:hep-th/9503121. 

[37] O. Aharony, B. Kol and S. Yankielowicz, “On exactly marginal deformations of = 4 
SYM and type IIB supergravity on AdS^ x 5^,” JHEP 0206, 039 (2002) 
arXiv:hep-th/0205090. 

[38] N. Dorey, “S-duality, deconstruction and confinement for a marginal deformation of 
A^ = 4 SUSY Yang-Mills,” JHEP 0408, 043 (2004) [arXiv:hep-th/0310117]. 

[39] N. Dorey and T. J. Hollowood, “On the Coulomb branch of a marginal deformation of 
N = A SUSY Yang-Mills,” arXiv:hep-th/0411163. 

[40] O. Lunin and J. Maldacena, “Deforming field theories with U{\) x U{\) global 
symmetry and their gravity duals,” JHEP 0505 , 033 (2005) [arXiv:hep-th/0502086]. 

[41] A. D. Popov, C. Samann and M. Wolf, “The topological B-model on a 
mini-supertwistor space and supersymmetric Bogomolny monopole equations,” 
arXiv:hep-th/0505161. 

[42] C. Samann, “On the mini-superambitwistor space and N = 8 super Yang-Mills theory,” 
arXiv:hep-th/0508137; “The mini-superambitwistor space,” arXiv:hep-th/0511251. 

[43] N. J. Hitchin, “Monopoles And Geodesics,” Commun. Math. Phys. 83 (1982) 579. 

[44] M. F. Atiyah and N. Hitchin, The Geometry And Dynamics Of Magnetic Monopoles 
(Princeton University Press, 1988). 

[45] O. Lechtenfeld and C. Samann, “Matrix models and D-branes in twistor string theory,” 
arXiv:hep-th/0511130. 

[46] L. Dixon, “Calculating Scattering Amplitudes Efficiently,” arXiv;hep-th/9601359. 


51 



